In this note we combine a convexity theorem due to Cauchy with a combinatorial identity discovered by M. Kac Here the summation again extends over all permutations, and (4) is equivalent to (3) when all z* are real. When the zk are not real we write zk = xk + iyk, z"k = xJk + iy"k, tk(ô) = Xk cos 6 + yk sin 0, 0 g 0 < x,
Let D(6, a) be the projection of .4(o-) on a line with direction 0. Since ^4(o") is the convex hull of its extreme points we have from (1)
By equation ( Hence (4) is proved.
As an application we derive a result of probabilistic interest. Let Zi, Z2, ■ ■ ■ denote a sequence of identically distributed independent complex valued random variables. Thus the distribution of each Zk is the same planar Lebesgue-Stieltjes measure and their joint distributions are given by the obvious product measure. We define their partial sums as the random variables So = 0, Sn = Zi + Z2 +-h Zn, Mal.
Finally, let L" be defined as the length of the circumference of the smallest convex set containing So, Si, ■ ■ ■ , S". If "E" denotes expectation with respect to the product measure, we have Theorem 2.
(5) E(Ln) = 2¿-E\Sk\.
The proof is based on two observations. First, Ln is a continuous function of Si, S2, ■ ■ ■ , Sn, so that it is a random variable. Secondly, if we define the random variables Zn, Sk(ff), L"(a) as was done in the deterministic case, it follows from the invariance of the product measure under permutations a that the expectations E \ Sn(a) | and E(Ln(a)) are independent of a. This proves the theorem and also shows that either both sides in (5) The law of large numbers asserts that n~1Sn->p+i with probability one. Geometrically this means that the polygonal path consisting of the points 50, Si, ■ ■ • does not deviate too far from the straight line through 0 and p+i. We shall denote by Ln the circumference of the smallest convex set containing the points So, Su • ■ ■ , 5", and quite naturally, study the excess of Ln over its smallest possible value, which is 2n(\+p2Y'2.
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